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Abstract

The onset of Taylor-Gortler instability induced by a linearly accelerated inner cylinder in Couette flow is analyzed by using
the propagation theory based on linear theory and momentary instability concept. It is well-known that the primary transient
Couette flow is laminar but secondary motion sets in when the inner cylinder velocity exceeds a certain value. The dimensionless
critical time tc to mark the onset of instability is presented here as a function of the modified Taylor n@mBeailable
experimental data indicate that for largesecondary motion is detected starting from a certain tirre2zc. This means that
the growth period of initiated instabilities is needed for secondary motion to be detected experimentally. It seems evident that
duringtc < T < 21¢ Secondary motion is relatively very weak and the primary diffusive momentum transfer is dominant.
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1. Introduction

It is well-known that in the primary laminar flows along concavely curved walls the destabilizing action of centrifugal forces
can produce secondary motion in form of vortices. The related hydrodynamic instabilities usually lead to Taylor vortices in the
flow between rotating concentric cylinders or Gortler vortices in the boundary layer flow. This kind of secondary flow occurs in
the wide range of scientific and engineering fields [1,2]. Most of real situations involve nonlinear and developing basic velocity
profiles and therefore the critical time or the critical position to mark the onset of secondary motion becomes an important
question.

The instability problem of transient Couette flow in a cylinder is closely related with that of Taylor-Gértler vortices. The
onset of instability caused by the centrifugal forces in circular Couette flow was investigated experimentally by Chen and
Christensen [3] for the impulsively accelerated system and Chen et al. [4] for the linearly accelerated system. The initial laminar
flow evolves into a secondary flow pattern which consists of a series of Taylor-like vortices. The related stability problem has
been analyzed theoretically by the frozen-time model [5], the amplification theory [4,5], the energy method [6], the maximum-
Taylor-number criterion [7] and the propagation theory [8-10]. MacKerrell et al. [11] delineated the stability region based on
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the frozen-time model for the various accelerating cases. These models are closely related with Rayleigh—-Bénard problems.
The frozen-time model is based on linear theory and yields the critical time as the parameter. The amplification theory requires
the initial conditions and the criterion to define detection of manifest convection. The energy method yields lower bounds
on experimental detection times. The amplification theory and the energy method are quite popular, but they require a large
number of computations. Even though the maximum-Taylor-number criterion is the simplest one, it seems to be in lack of
physical insights. The propagation theory assumes that at tig infinitesimal angular velocity disturbances are propagated
mainly within the boundary-layer thickness and with this length scaling factor all the variables and parameters having the length
scale are rescaled.

Here we will extend the propagation theory, which has been employed to analyze time-dependent Rayleigh—-Bénard prob-
lems, to the hydrodynamic instability induced by a linearly accelerated inner cylinder in Couette flow. The effect of a finite
acceleration on the onset time of secondary motion and also the wavelength will be examined and the resulting predictions will
be discussed in comparison with available experimental and theoretical results.

2. Theoretical analysis
2.1. Governing equations

The system considered here is a Newtonian fluid confined between two concentric cylinders Bf aadiRo. Let the axis
of the cylinders be along the verticzl-axis under the cylindrical coordinatés’, 6, z') and the corresponding velocities be
U, V andW. Initially, the entire fluid/cylinder system is kept at quiescent state. Starting fromrtin@, the inner cylinder
is accelerated with a constant acceleration rat&he schematic diagram of the present system is shown in Fig. 1. This flow
encounters instabilities in form of Taylor—Gortler vortices and the governing equations of the flow field are expressed as

vV.-U=0, 1)

ad 1
{—+U~V}U=——VP+vV2U, )
at 0
whereU (=e.U + &V +¢e,W), P,v, p, ande; represent the velocity vector, the dynamic pressure, the kinematic viscosity,
the density, and the unit vector at thelirection, respectively.
For the case of constant physical properties the primary-velocity field is represented:
aVp

T vD' D, Vy, (3)

with the following initial and boundary conditions,

Vo=0 fort<0, (4a)
Vo=At atr’=Rjfort>0, (4b)
Vo=0 atr’=Rpfors>0, (4c)

where D’ = 3/9r’', D = D’ + 1/r' and the subscript ‘0’ means the basic quantity. By applying Duhamel’s superposition
integral to Chen and Kirchner’s [5] solution for the impulsively accelerating case, the analytical and exact solution can be
obtained as

N

Fig. 1. Top view of the basic system considered here.
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Fig. 2. Primary-velocity profiles fon = 0.2.
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wherevg = Vo/ Vs, Vy = (Ad®) /v, n=Ri/Ro, x = {(r' — Ri) + (' — Ro)}/2d, d = Ro — R; andt = vt /d?. HereJ; andY;
denote the first order Bessel functions of the first and second kind ari’srere the roots of

Jl(%)h(ﬁi) _Jl(ﬂi)Yl<%) =0. (5d)
For the deep-pool region of extremely small time, the above velocity profile reduces to

Y :4ri2erfc[i], 6

0 N/ (6)

wherey = (+' — Rj)/d and

2 1 2 2 )
i“erfc&) = 4[(l+2§ ) erfc(€) ﬁsexp( & )].

For n = 0.2 the above solutions are compared with the exact ones in Fig. 2 Far0—3 Eq. (6) is almost exact, as shown

in the figure. With increasing but decreasing it approaches Eq. (5). Since the present study concerns deep-pool systems of
small time, Eq. (6) will be used in the stability analysis. The problem is to find the dimensionless criticat timmark the

onset of instability, which grows with time.

2.2. Sability equations

The axisymmetric disturbances which are observed experimentally are well represented by

(U1, V1, P1) = ', V', p) coskz/, (7a)
W1 =w'sinkz/, (7b)
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wherek (= 2 /L) represents the wavenumber anid the wavelength of vortex cells. The subscript ‘1’ denotes the disturbance
guantity and the primed quantities representing disturbance amplitudes are functioasaf. The two-dimensional perturbed
quantities are periodic in thg-direction. Under linear theory the stability equations of amplitude functions are obtained when
w’ andp’ are eliminated from Egs. (1) and (2):

10 Vo k2

2 2 0

OYD;—k-—;E>UYD;—k)M:277;M, ®

D'D. _kz_li v/:Mu/ 9)
* v ot v ’

with no-slip boundary conditions at = R; andr’ = Ry,
u'=D'W'=v'=0 atr’=Rjandr’ = Ro. (10)

The derivation of all the above equations is described in detail by Chandrasekhar [12]. For the deep-pool regionzof small
where./vt/d <« 1, the resulting dimensionless amplitude equations are represented by

a
<D2 —a®- 8_>(D2 — a2)u = voazv, (112)
T
2_2_ 0
D“—a ~ 3 v = 2T Dvgu, (12)
T

whereD = d/dr, D?= 82/8r2 andr =r'/d. This kind of geometrical simplification is called the narrow gap approximation,
whered/dr +1/r ~ 3/9r [12]. Here the nondimensional velocity perturbations have been nondimensionalizecias/ (T d)
andv = 2v'/V,, a is the dimensionless wavenumbes kd) in the z/-direction, andl’ = (Ad3/v2)2(d/R;) is the modified
Taylor number.

The propagation theory employed to find the onset time of instability, i.e. the criticatdimequires the assumption that in
deep-pool systems of small time, the perturbed angular velocity compehisriropagated mainly within the boundary-layer
thicknessA (o +/v1) at the onset time of instability, which will be discussed later. Fromrthandd-component in Eq. (2), the
scale relations for disturbance quantities are given by

82y’ u Vi Vi
VW’VVF’VFU/’VEU/, (13)
Vi Vi 9%’ v’
u W’vu Z’\’Uar/z ’\’UP,
whereV; (= At) is the speed of the inner cylinder. Here the boundary-layer thickndsss been used as a proper length scale
in the radial direction. Relations (13) and (14) represent the balance between viscous and centrifugal forces and between inertial
and viscous forces, respectively. Based on the above relations, the following relation is be obtained:

(14)

O~y (15)
v/ Rjv viA

Fromu’ /v’ ~ (ViA2)/(Rjv), u = vu' /(T d) andv = 2vv’/(Ad?) the following relation between dimensionless amplitudes of
u’ andv’ is yielded:

2
L (=)~ (16)

wheres (= A/d « /7) is the usual dimensionless boundary-layer thickness. It is noted that the radial velocity comgonent
is nondimensionalized by/(T d) instead ofv/(Ad?) and the relation between the second and the third term in Eq. (15), i.e.
(ViA2)/(Rjv) ~ v/(Vi A), the following interesting result is obtained:

2

ViA A

T* = ('—) — ~ constant 17)
v R;

HereT* is the Taylor number based on the boundary-layer thickness. Now, the following relation is produced from the above
relations:

T(ﬂ) ~, (18)
or
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where T* = t7/2T andu* = u/t. For the case oA — O the basic velocity profile finally becomes time-independent, i.e.
¢ — oo, and Taylor vortices appear 8T > Tac [12]:

Tac=1695 forn— 1. (29)

Now, for small time we introduce a similarity variabfe(= y/rl/z) and assume that dimensionless amplitude functions of
disturbances have the forms of

[u(z, 0. v(r. O] = ["F2u*(©), T v* ()], (20)

which satisfy relation (16) sincg ~ t. This form,u /v ~ 2 is quite different from those used in previous studies on impulsive
spin-up and spin-down problems [8-10], whexg~ 1 andu/v ~ t. To determinen in Eq. (20) we employ Shen’s [13]
momentary instability concept: the temporal growth rate of the kinetic energy of the perturbation velocity should exceed that of
the basic velocity at the onset time of secondary motion. In the present system the dimensionless kinetic energy is defined as

1
E(t)= Enuzn, (21)

where| - || = %fé\ f1§i°(-)r’dr’dz’. Since there is no basic flow in thé and the’-direction and the condition dfi/v| — O is
valid for T — 0 (see the relation (16)), the dimensionless kinetic energy can be divided into the basic and the perturbed one:

1 1
Eo(r) = Envén, E1(1) = Envzn. (22a,b)

Then the temporal growth rates of the basic kinetic eneggy) and the perturbation energy(r) are defined as the root-
mean-squared quantities in the two-dimensional field:
_ 1 dwo) 1 d(va)
~ (vo) dr (v1) dr ’

ro(r) : ri(z) = (23a,b)
where(-) = 1//'S(-)ZdS/S and S = A(Ro — Rj) with dS = A(Ro — Rj) d¢. For the case of = 1 the condition ofrg = r is
fulfilled at the onset time of = z¢, which will be shown later. This means that the amplitude functidéwllows the behavior of
vo for smallz, as shown in Eq. (6). A similar treatment can be found in problems of transient Bénard-type convection [14,15].
Furthermore the relation &f* = constant for largd’ is shown even in theoretical results from the amplification theory [4].

By the above reasoning we set t3u*(¢) andv = tv*(¢). For boundary-layer flow systems &fx /7, the dimensionless
time ¢ plays dual roles of the boundary-layer thickness and time. Now, the self-similar stability equations are obtained in
dimensionless form from Egs. (11) and (12) as

1
[(Dz 422 E(CDS _ap?_ 42D +3a*2)]u* — a2, (24)
1
(Dz—a*z—i— E{D—l)v*:ZT*DvSu*, (25)

whereD = d/d¢, D? =d?/d¢2, y =¢4/7, a* =a/T andv} = vo/7. HereT* anda* have been treated as eigenvalues. The
proper boundary conditions are

u*=Du*=v*=0 at¢=0 and;— oc. (26)

Now, the minimum value of * should be found in the plot df* vs.a* under the principle of the exchange of stabilities. In
other words, the minimum value af, i.e. t¢, and its corresponding wavenumhbershould be obtained for a giveh. Since
time has been frozen by lettirly-) /37 = 0 under the frame of coordinatesand¢ instead ofr andy, the propagation theory
may be called the relaxed frozen-time model by treatirag the parameter but it involves the time dependency implicitly.

2.3. Solution procedure

To find eigenvalues and eigenfunctions for differential equations, several methods such as the compound matrix and the
shooting method have been proposed [16]. In the present study the stability equations (24)—(26) are solved by employing the
latter method. In order to integrate these stability equations the proper valugs:bf D3u* and Dv* at¢ = 0 are assumed
for a givena*. Since the stability equations and their boundary conditions are all homogeneous, the vBite* @) can
be assigned arbitrarily and the value of the paramEteis assumed. This procedure can be understood easily by taking into
account of the characteristics of eigenvalue problems [16]. After all the values-& are provided, this eigenvalue problem
can be proceeded numerically.
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Integration is performed from = 0 to a fictitious upper boundary with the fourth order Runge—Kutta—Gill method. If the
guessed values df*, D3u*(0) and Dv*(0) are correcty*®, Du* andv* will vanish at the upper boundary. Here, a relative
errore, defined as the absolute value of the difference between two successively calculated trial values divided by the former
one, was chosen as a convergence criterion and convergence was assumes| whedr 10, After the convergence was
reached, the calculation depth is increased by a fixed increment ¢ and the incremental changeTit, defined as

T —T*
rR=-L__ntl (27)
T, Aé‘f

was used as a convergence criterion for the calculated eigeriwélughe maximum calculation deptfy max and the required
number of integration step were determined so as that the incremental chatigeould not be lager than 1. Near the
marginal state the values 0f max = 10 and» = 2000 were used. Since disturbances decay exponentially outside the boundary-
layer thickness, the incremental chamgalso decays exponentially with increasing a fictitious outer boundary thickness. This
behavior enables us to extrapolate the eigenvaitieo the infinite depth by using the Shank transform [17].

The whole procedure is described in the work of Chen [18] and Kim [19]. A stability curve is shown in Fig. 3(a) and the
minimun 7*-value is found to be 402.13 with its correspondirigvalue of 1.26.

3. Resultsand discussion

For the limiting case ot — 0 the stability criteria of axisymmetric instability have been obtained from the propagation
theory. The critical conditions from Fig. 3(a) can be converted into

1c=554T"2/7, 4c=053rY7 ast— 0. (28a,b)

At this critical condition the profiles of amplitude functions are featured in Fig. 3(b). The criticalirteemark the onset
of a fastest growing instability decreases with increadindt is known that disturbances of the angular velocity are confined
mainly within the hydrodynamic boundary layer of the primary flow (see Fig. 2). This means that the hydrodynamic boundary-
layer thickness seems to be a proper length scale, which is the basic assumption in scale relations (13) and (14). The similar
trend is also shown in Rayleigh-Bénard problems [20,21]. From distributions of the basic flow (Eq. (6)) and the perturbation
guantities we can obtain the following equation:

ro=r1= i ast — 0. (29)
4TC
This verifies that the present propagation theory satisfies Shen’s [13] momentary instability concept discussed in deriving
Egs. (24) and (25).
In Figs. 4 and 5 the above results are compared with Chen et al.’s [4] predictions and experimental data. Their acceleration
procedure is slightly different from that of the present study. In their experiment the inner cylinder was accelerated with a
constant acceleration rateduring the acceleration period o0t < # and then kept at a constant velocity= Az:

VO<Ri,z)={A” osrsi (30)

Vi (= At), t> 1.

Flow characteristics were visualized injecting dye solution into the flow field and recorded using a high-speed movie camera.
The detection time of secondary motignand the average vortex wavelengthwere determined by examining the recorded

film. When < 1o, Secondary motion is observed during the constant acceleration period and the present constant acceleration
model can be applied. For the other limiting cases ek rc secondary motion sets in after the constant acceleration period and

the impulsive acceleration model [8] can be applied with a certain time delay due to the finite acceleration. For the intermediate
region oftc < # < 1o the present prediction may be used as the first approximation.

Chen et al. [4] analyzed their experimental situation of Eqg. (30) by employing the amplification theory, where for a
given wavelength the time evolution of the volume-integrated kinetic energy of disturbances assumed arbitraribyveas
monitored. They suggested the intrinsic characteristic timaep to which the kinetic energy of a most dangerous mode of
disturbances should decay. They reported that the secondary flow pattern became clearly observable when the rms-values of
their initial disturbance kinetic energy at= 0 increased 1®fold ats =13, i.e. E1(r3)/E1(0) = 10% att = 13 (see Eq. (22h)).

Fig. 4 illustrates that the present predictiong®& 2z¢ for t — 0 compare well with their experimental and theoretical results

for the case ofy = 0.2. The presentc-value from Eq. (28a) agrees well with their intrinsic ondérom the amplification theory.

The present critical wavenumbers are comparable with their theoretical and experimental ones, as shown in Fig. 5. Their flow
visualization results show that the disk-like cell spacing (wavelength) is almost constant gudng< 7o (= 2t¢c) and even
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Fig. 3. Instability conditions for small time af. — O from the propagation theory: (a) marginal stability curve and (b) amplitude profiles at

T=Tc.

after first detection time of secondary motiag, These disk-like cells develop into Taylor—Gortler vortices. It is very interest-

ing that the present predictions agree very well with those from the amplification theory. For transient instability problems on
thermal convection Foster [22] commented that with correct dimensional relations the relatycH 4f; would be kept for the

case of impulsive heating in horizontal fluid layers which corresponds to that of impulsive spin-up or spin-down. For latter case
the same relation ofy = 41¢ has been reported based on the amplification theory [5] and also the propagation theory [8—10].
However, the relation ofy = 27¢c was suggested based on the amplification theory for the constant acceleration problem [4]
and also based on the propagation theory for the ramp heating case of Rayleigh—Bénard convection [23]. All the above results
imply that the predicted critical timg is smaller than the detection timg, i.e. a fastest growing mode of instabilities, which
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Fig. 5. Comparison of the present critical wavenumiewith Chen et al.’s [4] predictions and experimental datarfes 0.2.

sets in at = #¢, will grow with time until manifest motion is first detected experimentally. This growth period depends on the
acceleration or heating history. To find out the growing mechanism and the effect of acceleration history on the critical condi-
tions, a more refined analysis is now in progress by assuming some initial conditions and following the procedure and concept
in Choi et al.’s [24] work on Rayleigh—Bénard convection.

It is known that the propagation theory, which is based on the self-similar transformation and normal mode analysis, is a
powerful method to predict the stability criteria reasonably well in simple hydrodynamic or thermal systems.



82 M.C. Kimet al. / European Journal of Mechanics B/Fluids 25 (2006) 74-82

4. Conclusion

The onset of a fastest growing, axisymmetric instability in Couette flow induced by a linearly accelerated inner cylinder has
been investigated by the propagation theory, which was originally developed for the analysis of thermal instabilities leading to
Bénard-like convection. The dimensionless critical tirgeo mark the onset of a fastest growing instability has been obtained
as a function of the modified Taylor numb@&r The present predictions of instability criteria on axisymmetric flow bound
available experimental data, which are the almost the same as those from the amplification theory. The relgofef
represents the characteristic time of first detection of manifest secondary motion to a certain degree in the present system.
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